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In this paper, we first present a generator theorem and introduce an asymmetric
tensor of two colored vertex operator superalgebras with the same grading and
supermap. Then we give axioms which characterize a class of vertex operator
superalgebras constructed from Clifford algebras. In particular, we are able to give
a shorter argument for the Jacobi identity than the existing proofs by using
elements analogous to coherent states and our generator theorem. Using the new
tensor and the same techniques, we classify twisted irreducible modules of these
algebras in a constructive way. Q 1997 Academic Press
1. INTRODUCTION
Vertex operator algebras were introduced in connection with the moon-
shine representation of the Monster group}the largest finite simple
 w x.sporadic group cf. B, FLM1, FLM2, FLM3 . The structure theory and
representation theory of vertex operator algebras are deeply related to
 w x. w x conformal field theory in physics e.g., cf. BPZ . Tsukada T also
w x.Feingold, Frenkel, and Ries FFR constructed a class of vertex operator
superalgebras by Clifford algebras, where the dimension of the subspace of
weight 1r2 is even. This construction was referred to as the ``spinor
construction.'' In terms of the terminology in physics, these algebras are
generated by fermionic fields. For our convenience, we will call the vertex
operator algebras constructed in this way spinor ¨ertex operator algebras
 .the dimension of the subspace of weight 1r2 is not necessarily even . Li
w xand the author LX classified a class of simple vertex operator algebras
closely related to even lattices.
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Twisted modules of a vertex operator algebra are useful in twisted
realizations of the basic representations of affine Lie algebras. They are
also used for constructing new vertex operator algebras, such as the
 w x.Monster moonshine module cf. B, DGM, FLM1, FLM3 . In fact, we
w xproved in X that twisted modules have analogous duality as untwisted
w xones. In D1 , Dong classified the untwisted irreducible modules of a
w xvertex operator algebra associated with an even lattice. In D2 , he also
classified the twisted irreducible modules of a vertex operator algebra
associated with a positive definite even lattice, when the associated auto-
w xmorphism is induced by the negative identity map of the lattice. In X , we
classified more general twisted modules of a colored vertex operator
superalgebra associated with an integral lattice that are not necessarily
w xeven nor necessarily positive definite. In FFR , Feingold, Frenkel, and
Ries constructed a special twisted module for a spinor vertex operator
algebra with even-dimensional subspace of weight 1r2.
In the constructions of vertex operator algebras and their modules, one
of the most difficult things is to prove the Jacobi identities or equivalently
.dualities in physics . In Sect. 2 of this paper, we will present a generator
theorem which is used to simplify proofs of the Jacobi identities. Also, we
introduce a new tensor of two colored vertex operator superalgebras with
the same grading and supermap. Moreover, we give axioms which charac-
terize spinor vertex operator algebras. In particular, we present a shorter
argument for the Jacobi identity than the existing proofs by using elements
analogous to coherent states and our generator theorem. It can be easily
proved that the untwisted irreducible modules of these algebras are
themselves. Using the new tensor and the same techniques, we then
classify the twisted irreducible modules of these algebras in a constructive
way.
In this paper, we denote the field of complex numbers by C, the field of
rational numbers by Q, and the ring of integers by Z. We also denote by
C= the multiplication group of nonzero complex numbers and set ZrT s
 < 4nrT n g Z for a positive integer T. All the vector spaces in this paper
are assumed to be over C.
 . =Let A be an abelian group and let q ?, ? : A ª C be a skew symmet-
ric Z-bilinear map, i.e.,
y1
q a , b s q b , a , q a q b , g s q a , g q b , g 1.1 .  .  .  .  .  .
 .for a , b , g g A. In particular, q a , a s "1. An A-graded colored ¨ertex
operator superalgebra with supermap q is a vector space V with two
compatible gradings
V s V s V a 1.2 .[ [n
ngZr2 agA
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such that
q a , a y 1 .
a  4V l V / 0 « n g q Z, 1.3 .n 4
 .  .ww y1 xxequipped with a linear map Y ?, z : V ª End V z, z such that
a b aqb y1w xY V , z V ; V z , z 1.4 .  .
and, for any u, ¨ g V,
u ¨ s 0 for n sufficiently large, 1.5 .n
where
Y u , z s u zyny1 ; 1.6 .  . n
ngZ
the Jacobi identity
z y z1 2y1z d Y u , z Y ¨ , z .  .0 1 2 /z0
z y z2 1y1y q a , b z d Y ¨ , z Y u , z .  .  .0 2 1 /yz0
z y z1 0y1s z d Y Y u , z ¨ , z 1.7 .  . .2 0 2 /z2
holds for u g V a, ¨ g V b, where all variables are formal and commute
 . n  . zwith each other, d z s  z and z y z for z g Q is to be inter-ng Z i j
preted by the binomial expansion in nonnegative powers of z ; there arej
two distinguished elements 1, v g V 0 satisfying
w xY 1, z s Id , Y ¨ , z 1 g V z , and lim Y ¨ , z 1 s ¨ .  .  .V
zª0
creation property 1.8 .  .
for ¨ g V;
1
3L m , L n s m y n L m q n q m y m d rank V , .  .  .  .  .  .mq n , 012
1.9 .
d
Y ¨ , z s Y L y1 ¨ , z for ¨ g V , 1.10 .  .  . .
dz
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and
L 0 ¨ s n¨ s wt ¨ ¨ for n g Zr2 and ¨ g V , 1.11 .  .  .n
where
Y v , z s L n zyny2 1.12 .  .  .
ngZ
and rank V g Q. This completes the definition. We may denote the col-
 .ored vertex operator superalgebra by V, Y, 1, v, A, q . In the case A s Z2
 .  .  .s Zr 2 and q 1, 1 s y1, we call V, Y, 1, v, A, q a ¨ertex operator
superalgebra.
A linear automorphism n of V is called an automorphism of the colored
 .¨ertex operator superalgebra V, Y, 1, v, A, q if
n V a ; V n 0 a for a g A, 1.13 .
where n is a group automorphism of A and0
q n a , b s q a , b for a , b g A, 1.14 .  .  .0
n 1 s 1, n v s v , n Y ¨ , z ny1 s Y n ¨ , z 1.15 .  .  .  .  .
for ¨ g V.
Suppose that n is an automorphism of a colored vertex operator
 . Tsuperalgebra V, Y, 1, v, A, q such that n s 1 for some positive integer
T. Here we do not assume that T is the exact order of n . Let v s e2p i r T.T
 .A twisted module W of V, Y, 1, v, A, q with respect to n is a Q-graded
n  .vector space W s [ W equipped with a linear map Y ?, z : V ªnng Q
 .ww 1r T y1r T xxEnd W z , z such that
Y n n u , z s lim Y n u , z for u g V , 1.16 .  .  .
1r T y1 1r Tz ªv zT
un ¨ s 0 for n sufficiently large, 1.17 .n
where
Y n u , z s un zyny1 ; 1.18 .  . n
ngZrT
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the Jacobi identity holds:
z y z1 2y1 n nz d Y u , z Y ¨ , z .  .0 1 2 /z0
z y z2 1y1 n ny q a , b z d Y ¨ , z Y u , z .  .  .0 2 1 /yz0
1rTTy1 1 z y z1 0p n ps d v Y Y n u , z ¨ , z 1.19 . . . T 0 2 / /Tz z2 2ps0
for u g V a, ¨ g V b;
Y n 1, z s Id , Ln 0 w s nw s wt w w for n g Q and w l W , .  .  .W n
1.20 .
where
Y n v , z s Ln n zyny2 . 1.21 .  .  .
ngZ
This completes the definition of a twisted module.
 .Here we have dropped the L y1 -derivation property from the axioms
 w x.of a twisted module see the definition of a module in FHL , because it is
 .implied by the Jacobi identity 1.19 . To see this, let ¨ g V such that
 . j  .  .  . Ly1. z  w x.n ¨ s v ¨ . By 1.7 ] 1.8 , Y ¨ , z 1 s e ¨ cf. FHL . Moreover, theT
 .  .  . w xfirst equation in 1.20 , the expressions 8.8.48 ] 8.8.49 in FLM3 and the
 .above Jacobi identity 1.19 imply
Y n L y1 ¨ , z . .2
d
n z Ly1.0s lim Y e ¨ , z .2dzz ª00 0
d
ns lim Y Y ¨ , z 1, z . .0 2dzz ª00 0
d z q z2 0y1 ns lim Rez z d Y Y ¨ , z 1, z . .z 1 0 21  /dz zz ª00 0 1
d z y z1 0y1 ns lim Rez z d Y Y ¨ , z 1, z . .z 2 0 21  /dz zz ª00 0 2
jrTd z y z z y z1 0 1 2y1s lim Rez z dz 01 /  /dz z zz ª00 0 2 0
z y z2 1y1 nyz d Y ¨ , z .0 1 /yz0
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jrTd z y z z y z1 0 1 0y1 ns lim Rez z d Y ¨ , z .z 2 11 /  /dz z zz ª00 0 2 2
yjrTd z q z z q z2 0 2 0y1 ns lim Rez z d Y ¨ , z .z 1 11 /  /dz z zz ª00 0 1 1
d z q z2 0y1 ns lim Rez z d Y ¨ , z q z .z 1 2 01  /dz zz ª00 0 1
d
ns lim Y ¨ , z q z .2 0dzz ª00 2
d
ns Y ¨ , z . 1.22 .  .2dz2
In this paper we classify vertex operator superalgebras satisfying:
 .A1 There exists a subspace H ; V for which1r2
1  :h n h9 s 0, h h s h , h9 1, .  .2
u g V h m u s 0 for h g H , m ) 0 s C1, 1.23 4 .  .
where
h z s Y h , z s h n zyny1r2 and .  .  .
ngZr2
 :? , ? is a nondegenerate bilnear form; 1.24 .
 .  .A2 The operator h n is locally nilpotent for any h g H and
0 - n g Zr2.
It turns out that such an algebra is a spinor vertex operator algebra. In
particular, we shall give a shorter proof of the Jacobi identity than the
w x w xones given in FFR and T .
Furthermore, we classify all the twisted irreducible modules of a spinor
vertex operator algebra satisfying:
 . n  . n  .M The operator h n is locally nilpotent and the operator h 0 is
locally finite for h g H and 0 - n g ZrT, where
hn z s Y n h , z s hn n zyny1r2 . 1.25 .  .  .  .
ngZrT
 .In fact, all the known twisted modules satisfy condition M .
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We would like to add a remark on the notion of ``colored superalgebra.''
The extension of the notion ``superalgebra'' to the notion ``colored super-
w xalgebra'' was introduced by Mikhalev M . Such an extension makes the
algebras possess more combinatorial features. It is important in studying
the connections between algebras and combinatorics. The notion of col-
ored superalgebra gives us convenience when we deal with vertex operator
 w x.algebras associated with noneven integral lattices cf. X . It is essentially
 wnecessary when one deals with non-integral-lattice cases cf. DL2, Chaps.
x.5 and 9 .
The structure of this paper is as follows:
In Sect. 2, the generator theorem is presented. We introduce the new
tensor in Sect. 3. In Sect. 4, we classify the simple vertex operator
 .  .superalgebra satisfying A1 and A2 . Finally in Sect. 5, all the twisted
 .modules satisfying M of a spinor vertex operator algebra are classified.
2. GENERATOR THEOREM
The purpose of this section is to simplify the proof of Jacobi identity
 .  .  .1.19 . Note that Jacobi identity 1.7 is a special case of 1.19 if we view V
 .las a V-module. In the whole paper, when c z q c z with l, c g Q1 1 2 2 i
appears, we mean the binomial expansion in the second formal variable z2
and we always take the principal root of a constant unless explicitly stated
otherwise.
a  .Let V s [ V be an A-graded vector space and let q ?, ? : A =a g A
=   ..  .A ª C be a skew symmetric Z-bilinear map cf. 1.1 . Let Y ?, z :
 .ww y1 xxV ª End V z , z be a linear map such that
a b aqb y1w xY V , z ¨ ; V z , z ; 2.1 .  .
for u, ¨ g V,
Y u , z s u zyny1 , u ¨ s 0 for sufficiently large n; 2.2 .  . n n
ngZ
there exists a special element 1 g V such that
Y 1, z s Id . 2.3 .  .V
Let n be a linear automorphism of such that n T s 1 for some positive
integer T and
n V a s V a , n 1 s 1, n Y u , z ny1 s Y n u , z . 2.4 .  .  .  .  . .
DEFINITION 2.1. A subset S of V is called a generator set if V is the
span of the coefficients of the monomials in
1 s iY u , z ??? Y u , z 1 0 F s g S, u g S . 2.5 . . 4 .1 s
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The set S is called homogeneous if every u g S is in some V a. The set S is
said to be compatible with n if each u g S is an eigenvector of n .
We write
v s e2p i r T , Z s Zr T . 2.6 .  .T T
Whenever the context is clear, we always use integers to denote their
images in Z . SetT
jV s ¨ g V n ¨ s v ¨ for j g Z . 2.7 .  . 4 j. T T
Then
Ty1 Ty1
a a a aV s V , V s V , where V s V l V . 2.8 .[ [ j.  j.  j.  j.
js0 js0
Ä .Let W be another vector space, and let Y ?, z : V ª
 .ww y1r T 1r T xxEnd V z , z be a linear map such that, for u, ¨ g V,
Ä yny1Y u , z s u z , u ¨ s 0 for sufficiently large n; 2.9 .  .Ä Ä n n
mgZrT
Ä Ä ÄY 1, z s Id , lim Y u , z s Y n u , z . 2.10 .  .  .  .W
1r T y1 1r Tz ªv zT
We also assume that there exist nondegenerate symmetric C-bilinear
 .  :forms: ?, ? : V = V ª C, ? , ? : W = W ª C such that, for any
u, u9, ¨ , ¨ 9 g V and w, w9 g W,
X  X :¨ 9, u u ¨ s 0, w9, u u w s 0 . Ä Äm n s t
for sufficiently small m q n , s q t . 2.11 .
 .Note that 2.11 implies that
 :¨ 9, u ¨ s 0, w9, u w s 0 for sufficiently small m , s, 2.12 .  .Äm s
Äsince 1 s Id , 1 s Id .y1 V y1 W
THEOREM 2.2. Let u g V a , ¨ g ¨ b be two gi¨ en elements. The Jacobi j.
identity
z y z1 2y1 Ä Äz d Y u , z Y ¨ , z .  .0 1 2 /z0
z y z2 1y1 Ä Äy q a , b z d Y ¨ , z Y u , z .  .  .0 2 1 /yz0
yjrTz y z z y z1 0 1 0y1 Äs z d Y Y u , z ¨ , z 2.13 .  . .2 0 2 /  /z z2 2
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is equi¨ alent to the property that, for any w g W, there exist nonnegati¨ e
integers m, n such that
m mÄ Ä Ä Äz y z Y u , z Y ¨ , z s q a , b z y z Y ¨ , z Y u , z .  .  .  .  .  .  .1 2 1 2 1 2 2 1
2.14 .
and
nq jrT Äz q z Y Y u , z ¨ , z w .  . .2 0 0 2
nq jrT Ä Äs z q z Y u , z q z Y ¨ , z w , 2.15 .  .  .  .0 2 0 2 2
where n is independent of ¨ .
 .  .Proof. We use the notation m u, ¨ and m u, w to denote nonnegative
integers such that
u ¨ s 0, u w s 0 for m G m u , ¨ y 1, n G m u , w y 1, .  .Äm nqjr T
2.16 .
 .  .  .  .where we use the notation in 2.2 and 2.9 . Such m u, ¨ and m u, w
 .  .  .  . w xexist by 2.2 and 2.9 . Now by 2.6 and 2.9 in X ,
Ä Ä Ä ÄY u , z Y ¨ , z y q a , b Y ¨ , z Y u , z .  .  .  .  .1 2 2 1
 .m u , ¨
p pyjrT yj r Typ jr T Äs y1 z z Y Y u , z y z z y z .  .  . 1 2 1 2 1 2 /p
ps0
pyY u , yz q z yz q z ¨ , z , 2.17 .  .  .. .2 1 2 1 2
jrT jrTÄ Ä Äz q z Y Y u , z ¨ , z y z q z Y u , z q z Y ¨ , z .  .  .  .  . .2 0 0 2 0 2 0 2 2
Äs q a , b Y ¨ , z Y u , z q z y Y u , z q z , 2.18 .  .  .  .  . /2  j. 2 0  j. 0 2
jr TÄ .  .where Y u, z s Y u, z z .
 .mu, ¨ .  .  .mu, w .Multiplying z y z on both sides of 2.17 and z q z on1 2 0 2
 .  .  .  .  .both sides of 2.18 , we get 2.14 ] 2.15 . Conversely, 2.14 ] 2.15 imply
 .  . w x2.13 by 2.11 and Proposition 3.1.1 in FHL .
 .  .  .Remark 2.3. Expressions 2.11 , 2.14 , and 2.15 could be viewed as
the mathematical version of what physicists call duality, for u and ¨ .
 .THEOREM 2.4 generator theorem . Let S be a homogeneous generator
 .  .set of compatible with n . Assume that Jacobi identities 1.7 and 1.19 hold
for any u g S and any homogeneous element ¨ g V if we replace the Y in
n Ä .  .1.9 by the Y in this section and the Y by Y in 1.19 . Then they hold for any
homogeneous elements u, ¨ g V.
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a b  .  .Proof. Note that, for u g V and ¨ g V , 1.19 is equivalent to 2.13 . j.
 .It is enough to prove 2.13 for
u s u1 ??? us 1 and ¨ g V b , where ul g S, 2.19 .m m1 s
Ä .  .because V, Y can be viewed as a special case of W, Y . We will establish
 .the conclusion by induction on s. If s s 0, then u s 1. Now 2.13 holds
Ä .  .because we assume that Y 1, z s Id and Y 1, z s Id . Assume thatV W
 .2.13 holds for s F k. Now let s s k q 1. Since S is homogeneous and
compatible with n , we can assume that
u1 g V a1 , u9 s u2 ??? ukq1 1 g V a2 . 2.20 . j . m m  j .1 2 kq1 2
Set
a s a q a , j s j q j . 2.21 .1 2 1 2
 .For any w g W, by 2.18 ,
j rT 1 .m u , ¨ 11 Ä Äz q x x q z y z Y Y u , x u9, z Y ¨ , z w .  .  .  . .1 1 2 1 2
j rT 1 .m u , ¨ 11 Ä Ä Äy x q z x q z y z Y u , x q z Y u9, z Y ¨ , z w .  .  .  . .1 1 2 1 1 2
 1 .m u , ¨ 1Äs q a , a x q z y z Y u , z .  .  .1 2 1 2 1
1 1 Ä= Y u , z q x y Y u , x q z Y ¨ , z w . .  .1 1 2
1 .m u , ¨1 1Ä Äs q a , a Y u , z x q z y z Y u , z q x Y ¨ , z .  .  . .  .1 2 1 1 2 1 2
1 .m u , ¨ 1 Äy x q z y z Y u , x q z Y ¨ , z w .  . .1 2 1 2
 .2.14 1 .m u , ¨1 1Ä Äs q a , a Y u , z x q z y z Y ¨ , z Y u , z q x .  .  . .  .1 2 1 1 2 2 1
1 .m u , ¨ 1Äy x q z y z Y ¨ , z Y u , x q z w .  .  .1 2 2 1
 1 .m u , ¨ 1Ä Äs q a , a x q z y z Y u , z Y ¨ , z .  .  . .1 2 1 2 1 2
1 1= Y u , z q x y Y u , x q z w. 2.22 . .  .1 1
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Therefore,
1 1  . .  . m u9 , ¨m u , w qj rT m u , ¨1z q x x q z y z z y z .  .  .1 1 2 1 2
Ä 1 Ä= Y Y u , x u9, z Y ¨ , z w .  . .1 2
1 1  . .  . m u9 , ¨m u , w qj rT m u , ¨1s x q z x q z y z z y z .  .  .1 1 2 1 2
Ä 1 Ä Ä=Y u , x q z Y u9, z Y ¨ , z w .  . .1 1 2
 .2.14 1 1 .  .m u , w qj rT m u , ¨1s q a , b x q z x q z y z .  .  .1 1 2
 .m u9 , ¨ 1Ä Ä Ä= z y z Y ¨ , z Y u , x q z Y u9, z w .  .  . .1 2 2 1 1
 .2.15 1 1 .  .m u , w qj rT m u , ¨1s q a , b z q x x q z y z .  .  .1 1 2
 .m u9 , ¨ 1Ä Ä= z y z Y ¨ , z Y Y u , x u9, z w. 2.23 .  .  .  . .1 2 2 1
This implies that, for w, w9 g W,
1  . . m u9 , ¨m u , ¨ 1Ä Äx q z y z z y z w9, Y Y u , x u9, z Y ¨ , z w .  .  .  . : .1 2 1 2 1 2
1  . . m u9 , ¨m u , ¨s q a , b x q z y z z y z .  .  .1 2 1 2
= Ä Ä 1w9, Y ¨ , z Y Y u , x u9, z w .  . : .2 1
`
ns f z , z x 2.24 .  . n 1 2
nsyN
 .  .  .for some positive large integer N by 2.2 . Furthermore, by 2.9 and 2.11 ,
 . w y1r T y1r T 1r T 1r T xf z , z g C z , z , z , z . Hencen 1 2 1 2 1 2
` g z , z .n 1 21 nÄ Äw9, Y Y u , x u9, z Y ¨ , z w s x 2.25 .  .  . : . 1 2 lnyz q z .nsyN 9 2 1
and
` g z , .n 1 21 nÄ Äq a , b w9, Y ¨ , z Y Y u , x u9, z w s x , .  .  . : . 2 1 lnyz q z .nsyN 9 2 1
2.26 .
 .for some large positive integer N 9, where g z , z gn 1 2
w y1r T y1r T 1r T 1r T x  .C z , z , z , z and 0 F l g Z. Thus, by 2.19 ,1 2 1 2 n
g z , z .ym y1 1 21Ä Äw9, Y u , z Y ¨ , z w s 2.27 : .  .  .1 2 lym y11z y z .1 2
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and
g z , z .ym y1 1 21Ä Äq a , b w9, Y ¨ , z Y u , z w s . 2.28 : .  .  .  .2 1 lym y11yz q z .2 1
These are equivalent to
lym y11 Ä Äz y z w9, Y u , z Y ¨ , z w : .  .  .1 2 1 2
lym y11 Ä Äs q a , b z y z w9, Y ¨ , z Y u , z w . 2.29 : .  .  .  .  .1 2 2 1
 :Since ? , ? is nondegenerate, we get
lym y11 Ä Äz y z Y u , z Y ¨ , z .  .  .1 2 1 2
lym y11 Ä Äs q a , b z y z Y ¨ , z Y u , z . 2.30 .  .  .  .  .1 2 2 1
 .That is, 2.14 holds.
 .We shall now prove 2.15 . Notice that
1 1  . .  . m u9 , w qj rTm u , ¨ m u , w qj rT 21z q x z q z q x z q z .  .  .0 2 0 2 0
Ä 1=Y Y Y u , x u9, z ¨ , z w . . .0 2
 .2.15 1 1  . .  . m u9 , w qj rTm u , ¨ m u , w qj rT 21s x q z z q z q x z q z .  .  .0 2 0 2 0
Ä 1=Y Y u , x q z Y u9, z ¨ , z w . . .0 0 2
 .2.15 1 1  . .  . m u9 , w qj rTm u , ¨ m u , w qj rT 21s x q z x q z q z z q z .  .  .0 0 2 2 0
Ä 1 Ä=Y u , x q z q z Y Y u9, z ¨ , z w . . .0 2 0 2
 .2.15 1 1  . .  . m u9 , w qj rTm u , ¨ m u , w qj rT 21s x q z x q z q z z q z .  .  .0 0 2 0 2
Ä 1 Ä Ä=Y u , x q z q z Y u9, z q z Y ¨ , z w .  . .0 2 0 2 2
 .2.22 1 1  . .  . m u9 , w qj rTm u , ¨ m u , w qj rT 21s x q z z q z q x z q z .  .  .0 0 2 0 2
Ä 1 Ä=Y Y u , x u9, z q z Y ¨ , z w. 2.31 .  .  . .0 2 2
Thus
1  . . m u9 , w qj rTm u , w qj rT 121 Äz q z q x z q z Y Y Y u , x u9, z ¨ , z w .  .  . . .2 0 2 0 0 2
1  . . m u9 , w qj rTm u , w qj rT 21s z q z q x z q z .  .0 2 0 2
Ä 1 Ä= Y Y u , x u9, z q z Y ¨ , z w. 2.32 .  .  . .0 2 2
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 .  .By an argument like the proof of 2.30 , we can prove 3.15 for u, ¨ by
 .2.32 .
Ä .Remark 2.5. a Theorem 2.4 holds for W s V, Y s Y, n s Id , j s 0.V
 .b If n does not preserve the A-grading, then we need to assume
 .  1.14 . Theorem 2.4 still holds because we can view V as an Ar 1 y
. .  .n A -graded vector space and q ?, ? canonically induces a skew symmet-
 .ric Z-bilinear map on Ar 1 y n A.
3. NEW TENSOR
w xThe tensor of two vertex operator algebras defined in FHL can be
viewed as a symmetric tensor. In this section, we introduce a new tensor
which is in general asymmetric.
 .  .Let V, Y , 1 , v , A, q and U, Y , 1 , v , A, q be two colored vertex1 V V 2 U U
operator superalgebras. Set
W s V m U tensor products of two vector spaces . 3.1 .  .
Then W has the following A-grading:
W s W a , where W a s V b m Vg . 3.2 .[ [
bqgsaagA
Let
1 s 1 m 1 , v s v m 1 q 1 m v . 3.3 .W V U W V U V U
 .  .ww y1 xxWe define Y ?, z : W ª End W z, z byW
Y ¨ m ua , z ¨ b m u s q a , b Y ¨ , z ¨ b m Y ua , z u 3.4 .  .  .  .  .  .W 1 2
for ¨ g V, ¨ b g V b and u g U, ua g Ua.
 .THEOREM 3.1. The family W, Y , 1 , v , A, q constitutes an A-gradedW W W
colored ¨ertex operator superalgebra.
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Proof. By our definition of 1 , v , and Y , all the axioms except theW W W
w x  .  .Jacobi identity can be proved as in FHL . We shall prove 2.14 ] 2.15
for W.
Now we let ¨ a i g V a i, u b i g Ub i, i s 1, 2; u g U, ¨ g g Vg. By Theorem
2.2,
 a1 a 2 .  b1 b2 .m ¨ , ¨ qm u , u a b a b g1 1 2 2z y z Y ¨ m u , z Y ¨ m u ¨ m u .  .  . .1 2 W 1 W
 a1 a 2 .  b1 b2 .m ¨ , ¨ qm u , u a b1 1s q b , g z y z Y ¨ m u , z .  .  .2 1 2 W 1
= a g b2 2Y ¨ , z ¨ m Y u , z u .  .1 2 2 2
a a1 2 .m ¨ , ¨ a1s q b , g q b , a q g z y z Y ¨ , z .  .  .  .2 1 2 1 2 1 1
= a g2Y ¨ , z ¨ .1 2
b b1 2 .m u , u b b1 2m z y z Y u , z Y u , z u .  .  .1 2 2 1 2 2
s q b , g q b , a q g q a , a q b , b .  .  .  .2 1 2 1 2 1 2
=
a a1 2 .m ¨ , ¨ a a g2 1z y z Y ¨ , z Y ¨ , z ¨ .  .  .1 2 1 2 1 1
b b1 2 .m u , u b b2 1m z y z Y u , z Y u , z u .  .  .1 2 2 2 2 1
y1s q b , g q b , a q g q a , a q b , b q b , a q g .  .  .  .  .2 1 2 1 2 1 2 2 1
=
 a1 a 2 .  b1 b2 .m ¨ , ¨ qm u , uz y z .1 2
a b a g b1 1 2 2=Y ¨ m u , z Y ¨ , z ¨ m Y u , z u . .  .W 1 1 2 2 2
y1s q a , b q b , a q g q a , a q b , b q b , g .  .  .  .  .1 2 1 2 1 2 1 2 1
=
 a1 a 2 .  b1 b2 .m ¨ , ¨ qm u , uz y z .1 2
=Y ¨ a1 m u b1 , z Y ¨ a2 m u b2 , z ¨ g m u . .  .W 1 W 2
 a1 a 2 .  b1 b2 .m ¨ , ¨ qm u , us q a q b , a q b z y z .  .1 1 2 2 1 2
=Y ¨ a1 m u b1 , z Y ¨ a2 m u b2 , z ¨ g m u 3.5 .  . .  .W 1 W 2
and
 a1 g .  b1 .m ¨ , ¨ qm u , u a b a b g1 1 2 2z qz Y Y ¨ mu , z ¨ mu , z ¨ m u .  .  . . .2 0 W W 0 2
 a1 g .  b1 .m ¨ , ¨ qm u , us q b , a z q z .  .1 2 2 0
=Y Y ¨ a1 , z ¨ a2 m Y u b1 , z u b2 , z ¨ g m u . .  . .W 1 0 2 0 2
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 a1 g .  b1 .m ¨ , ¨ qm u , us q b , a q b q b , g z q z .  .  .1 2 1 2 2 0
=Y Y ¨ a1 , z ¨ a2 , z ¨ g m Y Y u b1 , z u b2 , z u . .  . .1 1 0 2 2 2 0 2
a g1 .m ¨ , ¨s q b , a q b q b , g z q z .  .  .1 2 1 2 2 0
= a a g1 2Y Y ¨ , z ¨ , z ¨ . .1 1 0 2
a g1 .m ¨ , ¨ b b1 2m z q z Y Y u , z u , z u .  . .2 0 2 2 0 2
a g1 .m ¨ , ¨ a1s q b , a q g q b , g z q z Y ¨ , z q z .  .  .  .1 2 2 0 2 1 0 2
= a g2Y ¨ , z ¨ .1 2
a g1 .m ¨ , ¨ b b1 2m z q z Y u , z q z Y u , z u .  .  .0 2 2 0 2 2 2
 a1 g .  b1 .m ¨ , ¨ qm u , u a b1 1s q b , g z q z Y ¨ m u , z q z .  .  .2 0 2 W 0 2
= a g b2 2Y ¨ , z ¨ m Y u , z u .  .1 2 2 2
 a1 g .  b1 .m ¨ , ¨ qm u , u a b1 1s z q z Y ¨ m u , z q z .  .0 2 W 0 2
a b g2 2=Y ¨ m u , z ¨ m u . 3.6 .  . .W 2
 n 1.  n 2 .Let V , Y and U , Y be A-graded twisted modules of
 .  .V, Y , 1 , v , A, q and of U, Y , 1 , v , A, q , respectively. Assume1 V V 2 U U
that T and T are positive integers such that n T1 s 1, n T2 s 1. Let T1 2 1 2
denote the least common multiple of T and T . We define n g End W by1 2
n ¨ m u s n ¨ m n u for ¨ g V , u g U. 3.7 .  .1 2
We can verify that n is an automorphism of the tensor algebra
 .W, Y , 1 , v , A, q .W W W
Let
V s V , U s U . 3.8 .[ [a a
agA agA
We set
W s V m U , W s W . 3.9 .[ [g a b g
aqbsg ggA
n  .  .ww 1r T y1r T xxWe define Y ?, z : W ª End W z , z byW
Y n ¨ m ua , z ¨ b m u s q a , b Y n1 ¨ , z ¨ b m Y n 2 ua , z u 3.10 .  .  .  .  .  .W
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b b a a  .  .  .for ¨ g V, ¨ g V and u g U, u g U . By 1.13 , 1.14 , and 1.16 , we
can prove that
Y n n w , z s lim Y n w , z 3.11 .  .  .W
1r T y1 1r Tz ªv zT
for any w g W. Similarly, we can prove the following
 n .THEOREM 3.2. The family W , Y constitutes an A-graded twisted mod-W
 .ule of W, Y , 1 , v , A, q .W W W
4. CHARACTERIZATION OF SPINOR VERTEX
OPERATOR ALGEBRAS
In this section, we shall classify the simple vertex operator superalgebras
 .  .satisfying conditions A1 and A2 in the Introduction. In particular, we
shall give a shorter proof of the Jacobi identity for the spinor vertex
w x w xoperator algebra than the ones given in FFR and T .
 .Let V, Y, 1, v be a vertex operator superalgebra satisfying conditions
 .  .A1 and A2 . Given j , z End W for a vector space W, we define
w x w xj , z s jz y zj , j , z s jz q zj . 4.1 .q
 .  . w xBy the Jacobi identity 1.7 and 8.6.3 in FLM3 , we have
z1y1 yz ­ r­ z0 1h z , h9 z s Res z e d Y h z h9, z .  .  . .1 2 z 2 0 2q 0  /z2
z .  .1.23 ] 1.24 1y1  :s z d h , h9 4.2 .2  /z2
for h, h9 g H. On the other hand,
h n s 0 for n g Z 4.3 .  .
 .  .ww y1 xx  .since h z g End V z, z and wt h s 1r2. According to 4.2 ,
1 :h m , h9 n s d h , h9 for h , h9 g H , m , n g Z q . .  . mq n , 0 2q
4.4 .
 : w xIn particular, ? , ? is symmetric because ?, ? is symmetric. Thusq
1  . < 4 h m , Id n g Z q , h g H span a ``Heisenberg superalgebra'' cf.V 2
w x.T . Set
1ÃH s span h m 0 - "m g Z q . 4.5 .  . 4" 2
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 w x.By the representation theory of Heisenberg algebras cf. FLM3, K ,
ÃV s Alt H 1, 4.6 . .y
Ã Ã .where Alt H is the exterior algebra generated by H . In particular,y y
V s 0 for n - 0. 4.7 .n
LEMMA 4.1. For any h g H, we ha¨e
m q 2n
1L m , h n s y h m q n for m g Z, n g q Z, 4.8 .  .  .  .22
 .  .where we use the notation in 1.12 and 1.24 .
Proof. For any u g V , we havem
wt u s m y n y 1 for n g Zr2 4.9 .n
 . w x  .by 2.3.9 in FHL , where we use the notation in 1.6 . In particular,
 .  .wt L m s ym for m g Z. Thus, by 4.7 ,
L m h s 0 for h g H , 0 - m g Z. 4.10 .  .
 .Hence by 1.7 , for h g H,
L z , h z .  .1 2
s Res zy1eyz 0 ­ r­ z1Y L z h , z . .z 2 0 20
z ­ z1 1y1 y1s z d Y L y1 h , z y z d Y L 0 h , z .  . .  .2 2 2 2 /  / /z ­ z z2 1 2
z d 1 ­ z1 1y1s z d Y h , z y d Y h , z . 4.11 .  .  .2 2 2 /  / /z dz 2 z ­ z z2 2 2 1 2
So
L m , h n .  .
mq 1 ny1r2s Res Res z z L z , h z .  .z z 1 2 1 21 2
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1
mq 1 ny3r2 s ysyty3r2s Res Res z z yt y z z h t .z z 1 2 1 21 2  / 2sgZ , tgZq1r2
1
sy1 ysyty3r2y sz z h t . 1 2 / /2 sgZ , tgZq1r2
1 m q 1
ny3r2 mytq1r2s Res z yt y z h t q .z 2 22  / 2 2tgZq1r2
= z my tq1r2 h t . 2 /
tgZq1r2
y2 t y 1 m q 1
mq nyty1s Res q z h t .z 22 2 2tgZq1r2
y2 m q n y 1 m q 1 .
s q h m q n .
2 2
m q 2n
s y h m q n . .
2
 . w xRemark 4.2. By the above lemma, formula 2.61 in FFR should be
w  .  .x  .  . w  .  .x D n , a k s y k q nr2 a k q n instead of D n , a k s k q
.  .nr2 a k q n .
 . w xBy 8.8.48 in FLM3 ,
yl lz y z z y z z q z z q z1 0 1 0 2 0 2 0y1 y1z d s z d 4.12 .2 1 /  /  /  /z z z z2 2 1 1
for l g C. Now for h g H, u g V i, and 0 F n g Z,
1
Y h yn y u , z2 / /2
z q z2 0yny1 y1s Res z Res z d Y h z u , z . .z 0 z 1 0 20 1  /z1
z y z .4.12 1 0yny1 y1s Res z Res z d Y h z u , z . .z 0 z 2 0 20 1  /z2
z y z .1.7 1 2yny2s Res Res z d h z Y u , z .  .z z 0 1 20 1  /z0
z y z2 1iy y1 d Y u , z h z .  .  .0 1 /yz0
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yny1s Res z y z h z Y u , z .  .  .z 1 2 1 21
i yny1y y1 yz q z Y u , z h z .  .  .  .2 1 2 1
` 1myn y 1s yz h ym y n y Y u , z .  . 2 2 /  /m 2ms0
` 1i ymyny1yn y 1y y1 yz Y u , z h m q .  .  . 2 2 /  /m 2ms0
` n q 1 n q 2 ??? n q m .  .  .
s  m!ms0
=
1
mz h ym y n y Y u , z .2 2 /2
` yn y 1 yn y 2 ??? yn y m .  .  .iy y1 .  m!ms0
=
1ym yny1yz Y u , z h m q .  .2 2  /2
`1
s m q 1 m q 2 ??? n q m .  .  .n! ms0
=
1
mz h ym y n y Y u , z .2 2 /2
i `y1 . ym yny1q ym y 1 ym y 2 ??? yn y m z .  .  . 2n! ms0
=
1
Y u , z h m q .2  /2
n `1 d 1
mq ns h ym y n y z Y u , z . 2 2 / /  /n! dz 22 ms0
ni `y1 d 1 . ym y1q Y u , z h m q z . 2 2 / /  /n! dz 22 ms0
n
1 d( (s h z Y u , z , .  .2 2( ( /n! dz2
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where
h m u if m - 0, . n 1( (h m u s for m g Z q , n g Zr2. . n 2i( (  y1 u h m if m ) 0, .  .n
4.14 .
 .  .In the rest of this paper, we also use the notation h m ??? h m to1 1 s s
 .  .denote h m ??? h m 1 when m - 0 and the context is clear. Let1 1 s s j
 4u , . . . , u be an orthonormal basis of H.1 k
LEMMA 4.3. The Virasoro element
k1 1 3
v s y u y u y . 4.15 . i i /  /2 2 2is1
 .Proof. We denote the right-hand side of 4.15 by v. Set
yny2L z s Y v , z s L n z . 4.16 .  .  .  .
ngZ
Then
k2 l y n
L n s u n y l u l , .  .  .  i i2lgZq1r2 is1
k
L 0 s lu yl u l . 4.17 .  .  .  .  i i
0-lgZq1r2 is1
for 0 / n g Z. Moreover,
2 ym y n .
L n , u m s u m q n u ym , u m .  .  .  .  .i i i i q4
2 m q n y n .
y u ym , u m u m q n .  .  .i i iq4
n q 2m
s y u m q n 4.18 .  .i2
and
L 0 , u m s ymu m 4.19 .  .  .  .i i
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for n g Z q 1r2. This implies
m q 2n 1
L m , h n s y h n for h g H , m g Z, n g Z q . .  .  .
2 2
4.20 .
 .  .Thus by 4.6 and 4.8 ,
Y v y v , z s 0. 4.21 .  .
 .Hence v s v by the creation property 1.8 .
 .THEOREM 4.4. If V, Y, 1, v is a ¨ertex operator superalgebra satisfying
 .  .  .  .conditions A1 and A2 , then V and v are of the form 4.6 and 4.15 ,
respecti¨ ely, and
iV s span h m ??? h m g V k ' i mod 2 4.22 .  .  .  . 41 1 k k
for i g Z ;2
n n1 s1 d 1 d( (Y ¨ , z s h z ??? h z 4.23 .  .  .  .1 s /  /( (n ! dz n ! dz1 s
 .  .for ¨ s h yn y 1r2 ??? h yn y 1r2 g V.1 1 s s
Proof. When k is even, the theorem had been essentially proved in
w x w xFFR and T , respectively. Here we shall give a more intuitive and shorter
 .proof of the Jacobi identity for the Y determined by 4.23 and general k.
Since V is graded by weights, there exists a nondegenerate bilinear map
 .V = V ª C satisfying 2.11 . Let
( (A s h x ??? h x 1 .  .1 1 s s( (
` `
1 1n ns h yn y x ??? h yn y x . 4.24 . .  . 1 1 s s2 2
ns0 ns0
Then the coefficients of such As span V. That is, H is a homogeneous
 .generator set. Note that, by 4.23 ,
( (x d r d z x d r d z1 sY A , z s e h z ??? e h z .  .  . .  .1 s( (
( (s h z q x ??? h z q x . 4.25 .  .  .1 1 s s( (
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Set
(F z q x s h z q x ??? h z q x h z q x ??? .  .  .  .j 1 1 jy1 jy1 jq1 jq1(
= (h z q x . 4.26 .  .s s (
Now let h g H. We have
s  :h , hjjy1h z Y A , z s y1 F z q x .  .  .  .1 2 j 2z y z y x1 2 jjs1
( (q h z Y A , z 4.27 .  .  .1 2( (
and
Y A , z h z .  .2 1
s  :h , hjsyj ( (s y1 F z q x q Y A , z h z .  .  .  . j 2 2 1( (z q x y z2 j 1js1
s  :h , hjs jy1s y1 y1 F z q x .  .  . j 2yz y x q z2 j 1js1
( (q h z Y A , z . 4.28 .  .  .1 2( (
 .  .  .This implies 2.14 for u s h and ¨ s h m ??? h m 1 by the proof of1 1 s s
 .2.30 . Furthermore,
Y h z A , z . .0 2
s  :h , hjjy1 ( (s Y y1 F x 1 q h z h x ??? h x 1, z .  .  .  .  . j 0 1 1 s s 2( ( /z y x0 jjs1
s  :h , hjjy1 ( (s y1 F z q x q h z q z Y A , z . .  .  .  . j 2 2 0 2( (z y x0 jjs1
4.29 .
 .  .  .This implies 2.15 for u s h and ¨ s h m ??? h m 1. Therefore, by1 1 s s
 .Theorem 2.2, the conditions in Theorem 2.4 are satisfied. Thus V, Y
 .  .  .satisfies the Jacobi identity. 1.8 ] 1.12 can be easily verified by 4.20 ,
 .  w x.4.23 , and the Jacobi identity cf. T .
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5. CHARACTERIZATION OF THE TWISTED MODULES
In this section, we shall classify the twisted modules of a spinor vertex
 .operator algebra satisfying condition M . Our classification is construc-
tive.
 .Let V, Y, 1, v be a spinor vertex operator algebra as in Theorem 4.4.
Suppose that n is an automorphism of V and T is an even positive integer
T  .  .such that n s 1. Since n v s v, n preserves the weights. Thus n H s
H. Therefore, n preserves the Z -grading. We define2
jH s h g H n h s v for j g Z s Zr T . 5.1 .  .  . 4 j. T T
Now, for h, h9 g H, we have
 :h , h9 1 s n h 1r2 h9 y1r2 s n h 1r2 n h9 y1r2 .  .  .  .  .  . .
 :s n h , n h9 1. 5.2 .
That is,
 :  :n h , n h9 s h , h9 for h , h9 g H . 5.3 .
In particular,
h , h s 0 for h g H , h g H , j q l / 0 in Z . 5.4 :  . j.  l .  j.  j.  l .  l . T
 :Since ? , ? is nondegenerate, we have
dim H s dim H s k . 5.5 . j. y j. j
Let
H j s H q H and j. y j.
1jV s span h yn ??? h yn h g H , 0 - n g Z q . 5.6 .  .  . 4j 1 1 s s i i 2
 .Then each V , Y, 1 is a vertex operator superalgebra. Moreover, V is ai
tensor of these V in the sense of Sect. 3. It can be verified that anj
 .irreducible twisted module satisfying condition M of V with respect to n
 .is a tensor of irreducible twisted modules satisfying condition M of Vj
with respect to n . It can be proved that V has a unique such module,0
namely, itself.
We shall now study the twisted modules of V for 0 - j - Tr2. Forj
notational convenience, we assume V s V.j
XIAOPING XU450
Ä .Let W, Y be an irreducible twisted module of V with respect to the n
 .as above. We also assume that it satisfies condition M in the Introduc-
tion. Notice that for h g H , j.
1 nÄ Ä ÄY h , z s h z s h n y z 5.7 .  .  . . 2
ng"jrTqZ
 .by 1.16 . Then
Ä Ä  :h m , h9 n s h , h9 d .  . mq n , 0q
for h g H , h9 g H , m g Z q jrT y 1r2, n g ZrT . 5.8 . j.
and
Äh m " jrT y 1r2 , Id h g H , m g Z 5.9 .  . 5W
spans a Heisenberg superalgebra. Let
Ä ÄH s span h m 0 - m g Z " jrT y 1r2 , . 4q
5.10 .
Ä ÄH s span h m 0 ) m g Z " jrT y 1r2 . . 4y
 w x w x.By the representation of a Heisenberg algebra cf. FLM2 , K , we can
prove that
PROPOSITION 5.1. There exists a nonzero ¨ector w g W such that0
Äx w s 0 for x g H 5.11 .  .0 q
and
ÄW s Alt H w . 5.12 . .y 0
w xBy Lemma 4.5 in X , there is at most one twisted module structure on
W with respect to n . Thus the classification is equivalent to the existence
of such a structure. We shall prove this existence below.
( (We define the normal ordering by induction:( (
( (Ä Äh m s h m , 5.13 .  .  .( (
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( ( ( (Ä Ä Äh m h n ??? h n .  .  .1 1 s( ( ( (
¡ ( (Ä Ä Äh m h n ??? h n if m - 0, .  .  .1 1 s( (~s 5.14 .
s ( (Ä Ä Äy1 h n ??? h n h m if m ) 0,¢ .  .  .  .1 1 s( (
for h, h g H. Moreover, we setj
Ä Ä ym y1r2 Ä Ä Äh z s h m z , h z s h z y h z .  .  .  .  .q y q
0-mgZqjrTy1r2
for h g H . 5.15 .
LEMMA 5.2. For any h g H , h9 g H , j. y j.
jrTz rz .2 1( (Ä Ä Ä Ä  :h z h9 z s h z h9 z q h , h9 , 5.16 .  .  .  .  .1 2 1 2( ( z y z1 2
jrTz rz .1 2( (Ä Ä Ä Ä  :h9 z h z s h9 z h z q h9, h . 5.17 .  .  .  .  .1 2 1 2( ( z y z1 2
Proof.
( (Ä Ä Ä Äh z h9 z s h z h9 z .  .  .  .1 2 1 2( (
yny1r2 ny1r2Ä Äq h n , h9 yn z z .  . 1 2q
0-ngZqjrTy1r2
( ( yny1 nÄ Ä  :s h z h9 z q h , h9 z z .  . 1 2 1 2( (
0-ngZqjrT
njrT `z z 12 2( (Ä Ä  :s h z h9 z q h , h9 .  . 1 2  /  /( ( z z z1 1 1ns0
jrTz rz .2 1( (Ä Ä  :s h z h9 z q h , h9 ; .  .1 2( ( z y z1 2
( (Ä Ä Ä Äh9 z h z s h9 z h z .  .  .  .1 2 1 2( (
yny1r2 ny1r2Ä Äq h9 n ,k h yn z z .  . 1 2q
0-ngZyjrTy1r2
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( ( yn ny1Ä Ä  :s h9 z h z q h9, h z z .  . 1 2 1 2( (
0-ngZyjrT
n .Tyj rT `z z 12 2( (Ä Ä  :s h9 z h z q h9, h .  . 1 2  /  /( ( z z z1 1 2ns0
z rz yTyj.r T .2 1( (Ä Ä  :s h9 z h z q h9, h .  .1 2( ( z 1 y z rz .2 2 1
jrTz rz .1 2( (Ä Ä  :s h9 z h z q h9, h . .  .1 2( ( z y z1 2
 .  .For ¨ s h yn y 1r2 ??? h yn y 1r2 , we define1 1 s s
nn s11 d 1 d( (0 Ä ÄY ¨ , z s h z ??? h z 5.18 .  .  .  .1 s /( ( / /  /n ! dz n ! dz1 s s
0 .and we extend Y ?, z to V linearly. Let
` `
1 1n nA s h x 1 s h yn y x , B s g y 1 s g yn y y .  . .  . 2 2
ns0 ns0
5.19 .
for h, g g H. Then we have
nn` x d
0 Ä ÄY A , z s h z s h z q x . 5.20 .  .  .  .1 1 1 /n! dz1ns0
0 .  .Similarly, Y B, z s g z q y . By the above lemma,Ä2 2
( (0 0 ÄY A , z Y B , z s h z q x g z q y .  .  .  .Ä1 2 1 2( (
jrTz q y r z q x .  .2 1 :q h , gq y z q x y z y y1 2
jrTz q x r z q y .  .1 2 :q h , g , 5.21 .y q z q x y z y y1 2
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where the notation h always means h s h q h with h g H , h g" q y q  j. y
H unless otherwise stated. Similarly, we haveyj.
 :h , g( (0 ÄY Y A , z B , z s h z q z q x g z q y q . .  .  . . Ä0 2 2 0 2( ( z q x y y0
5.22 .
 0.This implies that W, Y cannot be a twisted module and we have to
revise the map Y 0.
 < 4  U < 4Let u j s 1, . . . , k be a basis of H and let u j s 1, . . . , k be aj y j. j
basis of H such that j.
 U:u , u s d for i , j s 1, . . . , k . 5.23 .i j i , j
 .  .Equations 5.21 and 5.22 motivate us to define
` k
U 1 1 ym yny1D s c u m q u n q z , 5.24 . .  . z m , n i 2 2
m , ns0 is1
where
`
n m ymyny1c x y z m , n
m , ns0
jrT1 z q y
s y 1 / /x y y z q x
ly1 ly2 ly1` `x q x y q ??? qy 1jrT yjrT s yss y q x z . l  / / sl zzls2 ss0
5.25 .
Now we define
Ä 0 D zY ¨ , z s Y e ¨ , z for ¨ g V . 5.26 .  .  .
Ä .THEOREM 5.3. The pair W, Y carries a twisted module structure of
 .V, Y, 1, v .
Proof. Again we shall prove the Jacobi identity by Theorems 2.2 and
 .2.4. The existence of the bilinear forms satisfying 2.11 is clear since V
and W are graded by the weights.
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 .Let A be as in 4.24 . For a positive integer p such that p F sr2, we
define
S s s g S s 2 i y 1 - s 2 i , i s 1, . . . , p;  .  .s , p s
s 2 p q 1 - ??? - s s . 5.274 .  .  .
For s g S , we defines, p
jrTp  :1 h , h z q xs 2 iy1. , q s 2 i. , y s 2 i.
F p , s , z , x s y 1 . p! x y x z q xis1 s 2 iy1. s 2 i. s 2 iy1.
 :h , hs 2 iy1. , y s 2 i. , qq
x y xs 2 iy1. s 2 i.
=
jrTz q xs 2 iy1. y 1 . 5.28 .
z q xs 2 i.
sign sD ze A s y1 F p , s , z , x .  . 
w < <x sgS1FpF sr2 s, p
( (h x ??? h x 1. 5.29 .  .  .s 2 pq1. s 2 pq1. s  s. s  s.( (
Thus
sign sÄY A , z s y1 F p , s , z , x .  .  . 2 2
w < <x sgS1FpF sr2 s, p
= ( (Ä Äh z q x ??? h z q x 1. 5.30 .  .  .s 2 pq1. 2 s 2 pq1. s  s. 2 s  s.( (
For s g S , we defines, p
G p , s , z q x , l .2
( Ä Äs h z q x ??? h z q x .  .s 2 pq1. 2 s 2 pq1. s 2 pqly1. 2 s 2 pqly1.(
(Ä Ä= h z q x ??? h z q x . 5.31 .  .  .s 2 pqlq1. 2 s 2 pqlq1. s  s. 2 s  s. (
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For any h g H, we have
Ä Äh z Y A , z .  .1 2
sign s( (Ä Äs h z Y A , z q y1 F p , s , z , x .  .  .  . 1 2 2( (
w < <x sgS1FpF sr2 s, p
=
sy2 p
ly1y1 G p , s , z q x , l .  . 2
ls1
jrT :h , h z q xq t 2 pql . , y 2 s 2 pql .
=  /z y z y x z1 2 s 2 pql . 1
jrTh , h zy s 2 pql . , q 1q . 5.32 . /z y z y x z q x1 2 s 2 pql . 2 s 2 pql .
Moreover,
Ä ÄY A , z h z .  .2 1
sign s( (Ä Äs Y A , z h z q y1 F p , s , z , x .  .  .  . 2 1 2( (
w < <x sgS1FpF sr2 s, p
=
sy2 p
sy2 pyly1 G p , s , z q x , l .  . 2
ls1
jrT :h , h z q xq t 2 pql . , y 2 s 2 pql .
=  /z q x y z z2 s 2 pql . 1 1
jrT :h , h zy s 2 pql . , q 1q  /z q x y z z q x2 s 2 pql . 1 2 s 2 pql .
s sign s( (Ä Äs y1 h z Y A , z q y1 .  .  .  . 1 2( (
w < <x sgS1FpF sr2 s, p
=
sy2 p
ly1F p , s , z , x y1 G p , s , z q x , l .  .  .2 2
ls1
jrT :h , h z q xq t 2 pql . , y 2 s 2 pql .
=  /yz y x q z z2 s 2 pql . 1 1
jrT :h , h zy s 2 pql . , q 1q . 5.33 . /yz y x q z z q x2 s 2 pql . 1 2 s 2 pql .
 .  .  .This implies 2.14 for u s h and ¨ s h m ??? h m 1.1 1 s s
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Next we have
s  :h , hlly1( (h z A s h z h x ??? h x 1 q y1 F x 1, .  .  .  .  .  .0 0 1 1 s s l( ( z y x0 lls1
5.34 .
 .where we use the notation in 4.26 .
ÄY h z A , z . .0 2
sign s( (Ä Äs h z q z Y A , z q y1 .  .  . 2 0 2( (
w < <x sgS1FpF sr2 s, p
=
sy2 p
ly1F p , s , z , x y1 G p , s , z q x , l .  .  .2 2
ls1
jrT :h , h z q xq t 2 pql . , y 2 s 2 pql .
= y 1 /z y x z q z0 s 2 pql . 2 0
jrT :h , h z q zy s 2 pql . , q 2 0q y 1 /z y x z q x0 s 2 pql . 2 s 2 pql .
sign sq y1 F p , s , z , x .  .  2
w < <x sgS1FpF sr2 s, p
=
sy2 p  :h , hs 2 pql .ly1y1 G p , s , z q x , l .  . 2z y x0 s 2 pql .ls1
( (Ä Äs h z q z Y A , z .  .2 0 2( (
sign sq y1 F p , s , z , x .  .  2
w < <x sgS1FpF sr2 s, p
=
sy2 p
ly1y1 G p , s , z q x , l .  . 2
ls1
jrT :h , h z q xq t 2 pql . , y 2 s 2 pql .
=  /z y x z q z0 s 2 pql . 2 0
jrT :h , h z q zy s 2 pql . , q 2 0q . 5.35 . /z y x z q x0 s 2 pql . 2 s 2 pql .
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 .  .  .This implies 2.15 for u s h and ¨ s h m ??? h m 1. Applying Theo-1 1 s s
rem 2.2, we see that the conditions of Theorem 4.4 are satisfied.
 .  .By 4.15 and 4.24 , we have
jk
D ze v s v q 1. 5.36 .
2T
Let
Ä Ä Ä yny2L z s Y v , z s L n z . 5.37 .  .  .  .
ngZ
Then we have
k2 l q 1 jk
UÄL 0 s u yl u* l q u yl u l q . .  .  .  .  .  i i i2 2T0-lgZqjrTy1r2 is1
5.38 .
 .  .Thus for w s h yn ??? h yn w g W,1 1 s s 0
s sjk jkÄL 0 w s n q w and wt w s n q . 5.39 .  . l l /2T 2Tls1 ls1
Finally we shall study the case j s Tr2. Again for notational conve-
nience, we assume V s V . When dim H is even, V has a unique suchT r2
w xmodule, which was constructed in FFR . Below we discuss general case.
Now n s yId . We can assume thatV
 :H s H [ H [ H such that H , H s 0 if i s l k 0 mod 3 , .y1 1 0 i l
5.40 .
where H are subspaces such that H s 0 if dim H is even and dim H s 1i 0 0
Ä .if dim H is odd. Let W, Y be a twisted irreducible module satisfying
 .condition M in the Introduction.
Notice that, for h g H,
Ä Ä Ä yny1r2Y h , z s h z s h z 5.41 .  .  . n
ngZ
 .by 1.16 . Set
Ä ÄH s span h n , h 0 h g H , h g H , 0 - "n g Z . 5.42 .  .  . 5" "1 "1 "1
We can prove
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PROPOSITION 5.4. There exists a ¨ector w g W such that0
Ä Äj w s 0 for j g H and W s Alt H w . 5.43 . .0 q y 0
Moreo¨er, if dim H is odd, there exists a 0 / h g H such that0 0
sÄ :h , h s 2, H s Ch , h 0 z ??? z w s y1 z ??? z w .  .0 0 0 0 0 1 s 0 1 s 0
Äfor z g H . 5.44 .i y
Again we only need to prove the existence of the twisted module
w xstructure on such a W by Lemma 4.5 in X . We define the normal
ordering
( (h n h n ??? h n .  .  .1 1 2 2 l l( (
sign ts y1 h n ??? h n .  .  .t 1. t 1. t  s. t  s.
=
1 sign sy1 h 0 ??? h 0 .  .  . t  sqs 1.. t  sqs  t ..t! sgSt
= h n ??? h n 5.45 .  .  .t  sqtq1. t  sqtq1. t  l . t  l .
for h g H and n g Z, where t is the unique element in S such thati i l
t 1 - ??? - t s , t s q 1 - ??? - t s q t , .  .  .  .
t s q t q 1 - ??? - t l 5.46 .  .  .
with
n - 0, n s 0, n ) 0t  p. t q. t  l .
for 1 F p F s, s q 1 F q F s q t , s q t q 1 F l F l . 5.47 .
0 .  .  .Then we define Y ?, z by 5.18 . Taking A and B as in 5.19 , we have
( (0 0 ÄY A , z Y B , z s h z q x g z q y .  .  .  .Ä1 2 1 2( (
1r2z q y r z q x .  .2 1 :q h , g
z q x y z y y1 2
 :h , g y1r2q z q x z q y 5.48 .  .  .1 22
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and
 :h , g( (0 ÄY Y A , z B , z s h z q z q x g z q y q . .  .  . . Ä0 2 2 0 2( ( z q x y y0
5.49 .
 < 4Let u l s 1, . . . , k be an orthonormal basis of H. We definel
` k1
1 1 ym yny1D s y c u m q u n q z , 5.50 . .  . z m , n i i2 22 m , ns0 is1
where
`
m n ymyny1c x y z m , n
m , ns0
jrT1 z q y 1 y1r2 y1r2s y 1 q z q x z q y . 5.51 .  .  . / /x y y z q x 2
For any ¨ g V, we define
Ä 0 D zY ¨ , z s Y e ¨ , z . 5.52 .  .  .
Furthermore,
s1 ly1( ( ( (Ä Ä Ä Ä Ä Ä  :h 0 h 0 ??? h 0 s h 0 h 0 ??? h 0 q y1 h , h .  .  .  .  .  .  .1 s 1 s l( ( ( ( 2 ls1
( (Ä Ä Ä Ä= h 0 ??? h 0 h 0 ??? h 0 .  .  .  .1 ly1 lq1 s( (
5.53 .
for h , h g H. Therefore, we can prove the following theorem by exactlyi
the same argument as in the proof of Theorem 5.3.
Ä .THEOREM 5.5. The pair W, Y carries a twisted module structure of the
 .¨ertex operator superalgebra V, Y, 1, v .
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